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Backward Stochastic Differential Equations (BSDEs)

{ —dYt = f(w, t, Yt, Zt)dt — thWt,
Yr =¢.

@ T: terminal time
@ &: terminal condition
e f: driver/generator

e (Y, Z): the solution (Y is continuous adapted, and Z is
predictible).

@ Z: control variable
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BSDE

Assumptions. For some r > 1,
(i) (Ag): E¢]" <
(ii) (Af) : f is uniformly Lipschitz-continuous w.r.t. (y, z):

[f(w, t,y2,22) — f(w, t,y1, 21)| < Le(ly2 — ya1| + |22 — z1]),

and B[( J;7(s,0,0)|ds) 1 < o0,

Under these assumptions, BSDE (1) has a unique solution (Y, Z)
such that

)
E[ sup |Vil" 1+E[</ |zt|2dr>’/2]§C(E\s|f+E[(/o 1#(5,0,0)[ds)]).

te[0,T]
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Markovian BSDE

Forward component

Xo = xo,
dXt = b(t,Xt)dt+J(t,Xt)th,

X: € R, W, € RY.

Backward component

{ —dYt == f(t,Xh Yt, Zt)dt - thWt,
YT = g(XT)

Y, € R, Z, € RIx49,
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Link with PDEs

Lx:= infinitesimal generator of X. If u is the smooth solution to

Oru(t,x) + Lxu(t,x) + f (t,x, u(t,x), Vuo(t,x)) =0,t < T,
u(T,x) = g(x),

then

Yt = U(t,Xt),
Zt = VUU(t,Xt).

Azmi MAKHLOUF, BSDE 6 /29



BSDE

In general, there is no explicit solution.
Usual approximation: " Dynamic Programming Equation”:
Yt%:g(Xé\.’); forn=N-1...0,

{YtﬁV —E(Ytn+l+(tn+1 ta)F(tny XN, YN ZNY| F),

thy1?
Ztlr\yl :(t,,+11—t,,)E(Y (We,n — W, )| F,),

tht1

But: the analysis of convergence requires some regularity on the
terminal function g.
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Time discretization

Time Discretization
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Time discretization

Set h::% and t, :=nh, forn=0...N.
(YF,ZF)p=o..p: Picard approximation of BSDE (1), performed on
each time interval [t,, th+1).
We denote by (YP", ZP") the restriction of (YP, ZP) to
[tn, th+1),n=N—1...0.
We set
(YN, zM) = (6,0),

ty

then, going backward in time,

— t p—
YtO,n 1 — YtP,n _ tn Zso,n ldWS’
1,n—1 P.n tn 0,n—1 -0,n—1 tn >1,n—1
% = YD [ (s, YOI 200 ds — [P ZEr Ly,
P,n—1 P,n t, P—1,n—1 P—1,n—1 t, P,n—1
% = Y4 [ f(s, Y  Z! )ds — [ ZzPrlan
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Time discretization

Stability. For this lemma, we let the driver also depend on the
Picard iteration.

Lemma

]
E[ sup |YPP]+E| /0 128 2ds]

te[0,T]

= ) T
< Co{EIE+ 3 AR [ 1Fi(5,0.0)1d5)7

i=0

P T ,
+;h E[(/O I£i(s, 0,0)|ds)2]}.
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Time discretization

Time discretization error between (Y, Z), solution to BSDE (1),
and its discretization (YP, ZP).

Proposition

]
E[ sup [YP — Y, +E| / 2P — Z,Pds]
t€[0,T] 0

;
< o (BIEPI+EL( | 17(s,0.0)ds)?])

In particular, YOP - Yl < Cphg.
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Propagation of regularity

Propagation of the regularity in the Markovian
case
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Propagation of regularity

General notations.

(i) The kth derivative of a function o(x!,...,x%) w.r.t.
X, x% (with ag,...,ax € {1,...,d}) is denoted by
ks antp(x), and OKp(x) denotes the matrix of all the kth
derivatives at x.

(i) [ploc := supxers [¢(x)) .
For k Z 1' |8 g0|00 = supal,...,ake{l,..‘,d} |ax”17...,x(’k80’00'
k
[lkoe = 21=010"¢loc (and [@lo,00 = [¢lso).

(iii) Cf is the set of functions ¢ s.t. [¢]k.co < 00 (CY is the set of
bounded measurable functions).
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Propagation of regularity

Markovian BSDE

Xo = xo,
dXt = b(t,Xt)dt+U(t,Xt)th,

{ *dyt = f(t,Xt, Yt, Zt)dt - thVVt7
YT = g(XT)

b:[0,T] xRY = R, o:[0, T] x R — RI*9,
f:[0,T] xRIx Rx R - Rand g:RY - R.
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Propagation of regularity

Assumptions.

(i) (Af;g) (for some 0 < k < o0): b and o belong to Cf w.r.t.
the space variable, with v-Hdlder continuous k'™ derivative,
for some v € (0,1]. b and o are also 3-Holder continuous
w.r.t. the time variable. In addition, o is uniformly elliptic,
i.e. there exists § > 0 such that co* > d/d.

(i) (AK) (for some 0 < k < c0): f has uniform linear growth
w.rt. (y,2): [f(t,x,y,2)| < CA(1+ |y| + |z|). And, if k > 1,
f is k times differentiable (w.r.t. all variables x, y, z) with
uniformly bounded derivatives.

(iii) (A9) : g is a bounded measurable function.
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Propagation of regularity

Deterministic version: We will show later that Y = uP(t, X;)
and ZP = duP(t, X¢)o(t, X¢), where uP is defined, for
n=N-1...0andp=0...P—1, by

uPN(ty,x) = g(x);
WOr(t,x) = BT (b, X))
uPtLn(t x) = uOn(t,x)

—|—Eftn+1f S XtX uPsn (5 XtX) ouP" (57X5t7x))d5-

Goal: regularity and estimates for u”.
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Propagation of regularity

Motivation: numerical approximation.

( | | B —t"’i, l'7
uO,n(tn,',x') = ﬁ Z:\n/,:1 UP’"+1(tn+1a th+1x m);
a®"(t, x) = Pu%(t,x);

P Xy = Ton(emi xh)
b tagt M g Lpnim XG0T
P (rPmim Xiﬂ;"’x“"’m)’
owP g (TP M, ti,")fmm)}
TPTL0(¢, x) = PPt x);

— three errors: Euler, Monte-Carlo and linear approximation (P).
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Propagation of regularity

e Euler error: C(P#(l + |uP | + [0uP|00).

@ Monte-Carlo error: C(P’N#(l + P | + 10uP|00).

@ linear approximation error:
C(P,N,P)(|Puf — uP|o +|0PuP — 0uP|s).

Now, for any function ¢,

Pelkoo < Cu(P)lplk,o0i
’,PSD - @’k,oo < Ek(lp)‘gplak(']?),om

= need for the study of the blow-up rate |uP|y .
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Propagation of regularity

Main result:

Theorem

Assume (AkH) (A ) and (A ) , for some 1 < k < +o00. Then,
for any | =0...k, we have uP"(t,.) GCL'H, forp=0...P and
n=0...N—1—1.

Moreover, for any | = 0. .. k, the following uniform estimate holds
(with positive constants Cp, o and ()

sup  |uP(t,)]100 < Cp (gl NT +1).
te[0,tn—]
p=0...P

NB. Possibly, a better bound holds (current work):

sup |UP(t, Vioo < Cru(lgl5(T — 1) + 1).
p=0...
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Propagation of regularity

First step: Preliminary estimates.

Lemma
For fixed T > 0 and a bounded measurable function ¢(r,.), set

o(t,7; x) = E[g(r, X:X)]a

for0<t<7<T andxeR? Assume (A’go) for some k > 0.
Then, ¢(t,T;.) € CZ and, for all t < T,

N|x

|p(t, 73 koo < Cild(T, oo — 1)~

More generally, if ¢(t,.) € C,') for some 0 < | < k, then

(8,7 Moo < Cild(r Mroolr = 1)~
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Propagation of regularity

Now, for fixed 7 > 0 and a bounded measurable function ¢(7,.),
we define the Picard sequence of functions (¢P(.,;.))p>0 by:

(2,7 x) = E[o(r, X))
(2,7 x) 1= Elo(r, XEV)

+E[/ (s, X2X, oP(s, T; XE),

0P (s, 7 X5 )or(s, X57))ds].
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Propagation of regularity

Lemma

If (ASEY) and (Af) hold for some k >0, and if ¢(7,.) € Cf,
then @P(t,7;.) € CS™ forp >0 and t < T, and

9P (t, 73 koo < Cokll8(T Mkoo(l + V7 — 1)
+ (|p(r, )2k + 1) (7 — b))

|PP(8, 73 1,00 < Cp,k+1(|¢( Moo — £)H2 4 1)
+ (I8(r, )57 + 1)/ = 1),

for some positive constants Cp, i, Cp k41 and oy p.

NB. In particular, the sequence (¢P(.,7;.))p>0 is well-defined.
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Propagation of regularity

Proof.: by induction on p.
We set
32(5,.) = F(5, (5,710, 0P (5,71 )o (s, ));
BR(t,51x) = E&ﬁ(s, X5™),

so that PTi(t,7;.) = )+ [ BR(t,s; )ds.
(i) k =0: We assume (A bo ) (A ) and ¢ bounded.

B2(t, 55 oo < [62(s,)]oo
< 14 Goa(16(7, )lool(T = )72 + 1)
+ (lo(r, )& + 1)v7 —s)
e LY((t,7),ds).
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Propagation of regularity

032 (t, 53 )00 < [BP(S, )oo(s — 1)1/
< |¢(7, Nool(r = 8) M2+ 1)(s — £) 72
+ (16(r, )[e2° + 1)VT —s(s — t) 73
e L((t,7),ds).

(ii) k > 0: similarly, using

OKGP(s,.) = O{f(s,., P (s, T;.),00P (s, T; .)o(s,.))}
= 0,(0(s,.))ad* 1pP(s, 7;.)

+ Q« |(D'F(O(s,.)), D a(s,.), 0P (s, 7:.))i ,

0...k
0...k
1=0...k

where 6(s,.) denotes (s, ., o(s,7;.),0¢(s,7;.)o(s,.)), and Qk[.] is
a polynomial function.
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Propagation of regularity

Second step: Equivalence between the deterministic and the
BSDE formulations.

Lemma

Assume (Al2w) and (A}) . Then, forallp=0...P and
n=0...N—-1,dP®dt — a.s. ,

Ytp’n = Up’n(t, Xt),

ZP" = duP(t, Xe)o (t, Xe).

Proof. For € > 0, we define the localized driver
fE(vaaya Z) = f(57X7yvz)]15§T—67

and ¢°(7,.) € Ct s.t. E|¢°(7, X;) — ¢(7, X;)|*> — 0 when € — 0.
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Propagation of regularity

We show that
o for fixed € > 0, YtpH’6 = Pt1e(t 1, X;) and
ZPTE = 9P tLe(t, T Xe)o(t, Xe).
o E [y |V — Y12+ |ZP* — ZF|?dt — 0 when ¢ — 0.

°
.
E/ OPHLE(8 7 Xe) — P (e 72 X Pt
0
.
+ E/ |0g0p+1"5(t,7; Xe) — 8g0p+1(t,7‘; Xt)|2dt — 0.
0 e—0

The three steps yield the lemma.
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Propagation of regularity

Third step: proof of the theorem
Combining the two first steps, we use differentiations of the
discretized BSDE.

() k=1
tn+1
oYP" =yt 4 / O (w,5,0YP7E" 9ZP~ 1) ds
tht1 .
- / oZP AW,
with

O (w,5,7,2) = OF (B2 L MVIX+0, F(©2 1)+, F(©7 1)z,

Then, by the stability property of the time discretization of BSDE
(first part of the talk),

ty—1
OYP| < Cp((ElDY,, ") )2 + S%P(E[(/O |7 (s,0,0)[ds)?])*/?)

< Cp(jouP N1 +1).
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Propagation of regularity

(ii) k > 1: By induction on k, and

P (w,s,0XYP, 8% ZP) = 0,f(OP)9* ZP
+ (Ag,k + Allj,kaysp + Ag,kﬁzsp) ok tzp + R;(s),

where
° Agzk,Aik,A';k are polylnomialll functions of
(0'F(©F),0'0(s, Xs), 0" Xs,0'(0Xs)™1) for i = 0.. .k,
@ and R,f is a polynomial function of the same quantities
together with (&Y€) for j =0... k — 1.

— additional nonlinear terms have to be handled...
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Propagation of regularity

A numerical example.
T=1,X0=0,b(t,x) =0,0(t,x) =1,8(x) = Lk 100), K =
07 f(t,X,)/vZ) =7Z,7 = 1.

N | N* | NP | Y, | CPU time | Rel. error
10| 1 3 |0.70 30s 16%
10| 1 4 |0.83 1 mn 1%
10] 1 5 078 | 15mn 7%
10| 1 6 086 | 15mn 3%
50 | 1 6 | 0.85 8 mn 1%

Table: BSDE with indicator terminal function (Y, = 0.841).

@ small error
@ but the variance of the error increases with the number of
nodes

= need for a careful tuning of the parameters...
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