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Backward Stochastic Differential Equations (BSDEs)

{
−dYt = f (ω, t,Yt ,Zt)dt − ZtdWt ,

YT = ξ.
(1)

T : terminal time

ξ: terminal condition

f : driver/generator

(Y ,Z ): the solution (Y is continuous adapted, and Z is
predictible).

Z : control variable
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Assumptions. For some r > 1,

(i) (Aξ) : E|ξ|r <∞
(ii) (Af ) : f is uniformly Lipschitz-continuous w.r.t. (y , z):

|f (ω, t, y2, z2)− f (ω, t, y1, z1)| ≤ Lf (|y2 − y1|+ |z2 − z1|),

and E[
(∫ T

0 |f (s, 0, 0)|ds
)r

] <∞.

Under these assumptions, BSDE (1) has a unique solution (Y ,Z )
such that

E[ sup
t∈[0,T ]

|Yt |r ]+E[(

∫ T

0
|Zt |2dt)r/2] ≤ C (E|ξ|r+E[(

∫ T

0
|f (s, 0, 0)|ds)r ]).
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Markovian BSDE

Forward component{
X0 = x0,
dXt = b(t,Xt)dt + σ(t,Xt)dWt ,

Xt ∈ Rd , Wt ∈ Rq.

Backward component{
−dYt = f (t,Xt ,Yt ,Zt)dt − ZtdWt ,

YT = g(XT ).

Yt ∈ R, Zt ∈ R1×q.
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Link with PDEs

LX := infinitesimal generator of X . If u is the smooth solution to

∂tu(t, x) + LXu(t, x) + f (t, x , u(t, x),∇uσ(t, x)) = 0, t < T ,

u(T , x) = g(x),

then

Yt = u(t,Xt),

Zt = ∇uσ(t,Xt).
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In general, there is no explicit solution.
Usual approximation: ”Dynamic Programming Equation”:
Y N
tN

= g(XN
T ); for n = N − 1 . . . 0,{

Y N
tn = E(Y N

tn+1
+ (tn+1 − tn)f (tn,X

N
tn ,Y

N
tn+1

,ZN
tn )|Ftn),

ZN
tn = 1

(tn+1−tn)E(Y N
tn+1

(Wtn+1 −Wtn)∗|Ftn),

But: the analysis of convergence requires some regularity on the
terminal function g .
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Time Discretization
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Set h := T
N and tn := nh, for n = 0 . . .N.

(Y p
t ,Z

p
t )p=0...P : Picard approximation of BSDE (1), performed on

each time interval [tn, tn+1).
We denote by (Y p,n

. ,Zp,n
. ) the restriction of (Y p

. ,Z
p
. ) to

[tn, tn+1), n = N − 1 . . . 0.
We set

(Y P,N
tN ,ZP,N

tN ) := (ξ, 0),

then, going backward in time,
Y 0,n−1
t = Y P,n

tn −
∫ tn
t Z 0,n−1

s dWs ,

Y 1,n−1
t = Y P,n

tn +
∫ tn
t f (s,Y 0,n−1

s ,Z 0,n−1
s )ds −

∫ tn
t Z 1,n−1

s dWs ,
...

Y P,n−1
t = Y P,n

tn +
∫ tn
t f (s,Y P−1,n−1

s ,ZP−1,n−1
s )ds −

∫ tn
t ZP,n−1

s dWs .

.
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Stability. For this lemma, we let the driver also depend on the
Picard iteration.

Lemma

E[ sup
t∈[0,T ]

|Y p
t |2] + E[

∫ T

0
|Zp

s |2ds]

≤ CP{E|ξ|2 +
P∑
i=0

hP−iE[(

∫ T

0
|f i (s, 0, 0)|ds)2]

+

p∑
i=0

hp−iE[(

∫ T

0
|f i (s, 0, 0)|ds)2]}.
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Time discretization error between (Y ,Z ), solution to BSDE (1),
and its discretization (Y p,Zp).

Proposition

E[ sup
t∈[0,T ]

|Y p
t − Yt |2] + E[

∫ T

0
|Zp

s − Zs |2ds]

≤ CPhp(E[|ξ|2] + E[(

∫ T

0
|f (s, 0, 0)|ds)2]).

In particular, |Y P
0 − Y0| ≤ CPh

P
2 .
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Propagation of the regularity in the Markovian
case
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General notations.

(i) The kth derivative of a function ϕ(x1, . . . , xd) w.r.t.
xα1 , . . . , xαk (with α1, . . . , αk ∈ {1, . . . , d}) is denoted by
∂kxα1 ,...,xαkϕ(x), and ∂kϕ(x) denotes the matrix of all the kth
derivatives at x .

(ii) |ϕ|∞ := supx∈Rd |ϕ(x)|.
For k ≥ 1, |∂kϕ|∞ := supα1,...,αk∈{1,...,d} |∂

k
xα1 ,...,xαkϕ|∞.

|ϕ|k,∞ :=
∑k

l=0 |∂ lϕ|∞ (and |ϕ|0,∞ := |ϕ|∞).

(iii) Ckb is the set of functions ϕ s.t. |ϕ|k,∞ <∞ (C0b is the set of
bounded measurable functions).
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Markovian BSDE

{
X0 = x0,
dXt = b(t,Xt)dt + σ(t,Xt)dWt ,{
−dYt = f (t,Xt ,Yt ,Zt)dt − ZtdWt ,

YT = g(XT ).

b : [0,T ]× Rd → Rd , σ : [0,T ]× Rd → Rd×q,
f : [0,T ]× Rd × R× R1×q → R and g : Rd → R.
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Assumptions.

(i) (Ak
b,σ) (for some 0 ≤ k ≤ ∞): b and σ belong to Ckb w.r.t.

the space variable, with γ-Hölder continuous kth derivative,
for some γ ∈ (0, 1]. b and σ are also 1

2 -Hölder continuous
w.r.t. the time variable. In addition, σ is uniformly elliptic,
i.e. there exists δ > 0 such that σσ∗ ≥ δId .

(ii) (Ak
f ) (for some 0 ≤ k ≤ ∞): f has uniform linear growth

w.r.t. (y , z): |f (t, x , y , z)| ≤ C 0
f (1 + |y |+ |z |). And, if k ≥ 1,

f is k times differentiable (w.r.t. all variables x , y , z) with
uniformly bounded derivatives.

(iii) (A0
g) : g is a bounded measurable function.
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Deterministic version: We will show later that Y p
t = up(t,Xt)

and Zp
t = ∂up(t,Xt)σ(t,Xt), where up is defined, for

n = N − 1 . . . 0 and p = 0 . . .P − 1, by
uP,N(tN , x) = g(x);

u0,n(t, x) = E(uP,n+1(tn+1,X
t,x
tn+1

));

up+1,n(t, x) = u0,n(t, x)

+E
∫ tn+1

t f (s,X t,x
s , up,n(s,X t,x

s ), ∂up,nσ(s,X t,x
s ))ds.

Goal: regularity and estimates for up.
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Motivation: numerical approximation.

u0,n(tn,i , x i ) := 1
M

∑M
m=1 uP,n+1(tn+1,X

tn,i ,x i ,m
tn+1

);

u0,n(t, x) := Pnu0,n(t, x);

up+1,n(tn,i , x i ) := u0,n(tn,i , x i )

+ tn+1−tn,i
M

∑M
m=1 f

{
τp,n,i ,m,X

tn,i ,x i ,m
τp,n,i,m ,

up,n(τp,n,i ,m,X
tn,i ,x i ,m
τp,n,i,m ),

∂up,nσ(τp,n,i ,m,X
tn,i ,x i ,m
τp,n,i,m )

}
;

up+1,n(t, x) := Pnup+1,n(t, x);

−→ three errors: Euler, Monte-Carlo and linear approximation (P).
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Euler error: C(P,N,P)√
NX

(1 + |uP |∞ + |∂uP |∞).

Monte-Carlo error: C(P,N,NX ,P)√
M

(1 + |uP |∞ + |∂uP |∞).

linear approximation error:
C (P,N,P)(|PuP − uP |∞ + |∂PuP − ∂uP |∞).

Now, for any function ϕ,

|Pϕ|k,∞ ≤ Ck(P)|ϕ|k,∞;

|Pϕ− ϕ|k,∞ ≤ εk(P)|ϕ|αk (P),∞,

⇒ need for the study of the blow-up rate |up|k,∞.
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Main result:

Theorem

Assume (Ak+1
b,σ ) , (Ak

f ) and (A0
g) , for some 1 ≤ k ≤ +∞. Then,

for any l = 0 . . . k, we have up,n(t, .) ∈ C l+1
b , for p = 0 . . .P and

n = 0 . . .N − 1− l .
Moreover, for any l = 0 . . . k, the following uniform estimate holds
(with positive constants CP,l , αl and βl)

sup
t∈[0,tN−l ]
p=0...P

|up(t, .)|l ,∞ ≤ CP,l(|g |αl
∞Nβl + 1).

NB. Possibly, a better bound holds (current work):

sup
p=0...P

|up(t, .)|l ,∞ ≤ CP,l(|g |αl
∞(T − t)−βl + 1).
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First step: Preliminary estimates.

Lemma

For fixed τ > 0 and a bounded measurable function φ(τ, .), set

ϕ(t, τ ; x) := E[φ(τ,X t,x
τ )],

for 0 ≤ t ≤ τ ≤ T and x ∈ Rd . Assume (Ak
b,σ) for some k ≥ 0.

Then, ϕ(t, τ ; .) ∈ Ckb and, for all t < τ ,

|ϕ(t, τ ; .)|k,∞ ≤ Ck |φ(τ, .)|∞(τ − t)−
k
2 .

More generally, if φ(τ, .) ∈ C lb for some 0 ≤ l ≤ k, then

|ϕ(t, τ ; .)|k,∞ ≤ Ck |φ(τ, .)|l ,∞(τ − t)−
k−l
2 .
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Now, for fixed τ > 0 and a bounded measurable function φ(τ, .),
we define the Picard sequence of functions (ϕp(., τ ; .))p≥0 by:

ϕ0(t, τ ; x) := E[φ(τ,X t,x
τ )];

ϕp+1(t, τ ; x) := E[φ(τ,X t,x
τ )]

+ E[

∫ τ

t
f (s,X t,x

s , ϕp(s, τ ; X t,x
s ),

∂ϕp(s, τ ; X t,x
s )σ(s,X t,x

s ))ds].
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Lemma

If (Ak+1
b,σ ) and (Ak

f ) hold for some k ≥ 0, and if φ(τ, .) ∈ Ckb ,

then ϕp(t, τ ; .) ∈ Ck+1
b for p ≥ 0 and t < τ , and

|ϕp(t, τ ; .)|k,∞ ≤ Cp,k(|φ(τ, .)|k,∞(1 +
√
τ − t)

+ (|φ(τ, .)|αp,k

k,∞ + 1)(τ − t));

|ϕp(t, τ ; .)|k+1,∞ ≤ Cp,k+1(|φ(τ, .)|k,∞((τ − t)−1/2 + 1)

+ (|φ(τ, .)|αp,k

k,∞ + 1)
√
τ − t),

for some positive constants Cp,k , Cp,k+1 and αk,p.

NB. In particular, the sequence (ϕp(., τ ; .))p≥0 is well-defined.
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Proof.: by induction on p.
We set

φ̃pτ (s, .) := f (s, ., ϕp(s, τ ; .), ∂ϕp(s, τ ; .)σ(s, .));

ϕ̃p
τ (t, s; x) := Eφ̃pτ (s,X t,x

s ),

so that ϕp+1(t, τ ; .) = ϕ0(t, τ ; .) +
∫ τ
t ϕ̃

p
τ (t, s; .)ds.

(i) k = 0: We assume (A1
b,σ) , (A0

f ) and φ bounded.

|ϕ̃p
τ (t, s; .)|∞ ≤ |φ̃pτ (s, .)|∞

≤c 1 + Cp,1(|φ(τ, .)|∞((τ − s)−1/2 + 1)

+ (|φ(τ, .)|αp,0
∞ + 1)

√
τ − s)

∈ L1((t, τ), ds).
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|∂ϕ̃p
τ (t, s; .)|∞ ≤c |φ̃pτ (s, .)|∞(s − t)−1/2

≤c |φ(τ, .)|∞((τ − s)−1/2 + 1)(s − t)−1/2

+ (|φ(τ, .)|αp,0
∞ + 1)

√
τ − s(s − t)−1/2

∈ L1((t, τ), ds).

(ii) k > 0: similarly, using

∂k φ̃pτ (s, .) = ∂k{f (s, ., ϕp(s, τ ; .), ∂ϕp(s, τ ; .)σ(s, .))}
= ∂z f (θ(s, .))σ∂k+1ϕp(s, τ ; .)

+ Qk

(∂i f (θ(s, .)), ∂jσ(s, .), ∂lϕp(s, τ ; .))i=0...k
j=0...k
l=0...k

 ,
where θ(s, .) denotes (s, ., ϕ(s, τ ; .), ∂ϕ(s, τ ; .)σ(s, .)), and Qk [.] is
a polynomial function.
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Second step: Equivalence between the deterministic and the
BSDE formulations.

Lemma

Assume (A2
b,σ) and (A1

f ) . Then, for all p = 0 . . .P and
n = 0 . . .N − 1, dP⊗ dt − a.s. ,

Y p,n
t = up,n(t,Xt);

Zp,n
t = ∂up,n(t,Xt)σ(t,Xt).

Proof. For ε > 0, we define the localized driver

f ε(s, x , y , z) := f (s, x , y , z)1s≤τ−ε,

and φε(τ, .) ∈ C1b s.t. E|φε(τ,Xτ )− φ(τ,Xτ )|2 → 0 when ε→ 0.
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We show that

for fixed ε > 0, Y p+1,ε
t = ϕp+1,ε(t, τ ; Xt) and

Zp+1,ε
t = ∂ϕp+1,ε(t, τ ; Xt)σ(t,Xt).

E
∫ τ
0 |Y

p,ε
t − Y p

t |2 + |Zp,ε
t − Zp

t |2dt → 0 when ε→ 0.

E
∫ τ

0
|ϕp+1,ε(t, τ ; Xt)− ϕp+1(t, τ ; Xt)|2dt

+ E
∫ τ

0
|∂ϕp+1,ε(t, τ ; Xt)− ∂ϕp+1(t, τ ; Xt)|2dt −→

ε→0
0.

The three steps yield the lemma.
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Third step: proof of the theorem
Combining the two first steps, we use differentiations of the
discretized BSDE.
(i) k = 1.

∂Y p,n
. = ∂Y P,n+1

tn+1
+

∫ tn+1

.
Φp−1,n
1 (ω, s, ∂Y p−1,n

s , ∂Zp−1,n
s )ds

−
∫ tn+1

.
∂Zp,n

s dWs ,

with

Φp−1,n
1 (ω, s, ỹ , z̃) = ∂x f (Θp−1,n

s )∂Xs+∂y f (Θp−1,n
s )ỹ+∂z f (Θp−1,n

s )z̃ .

Then, by the stability property of the time discretization of BSDE
(first part of the talk),

|∂Y p
t | ≤ CP((E|∂Y P,N−1

tN−1
|2)1/2 + sup

p
(E[(

∫ tN−1

0
|Φp

1(s, 0, 0)|ds)2])1/2)

≤ CP(|∂uP,N−1|∞ + 1).
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(ii) k ≥ 1: By induction on k , and

Φp
k(ω, s, ∂kY p

s , ∂
kZp

s ) = ∂z f (Θp
s )∂kZp

s

+
(

Ap
0,k + Ap

1,k∂Y p
s + Ap

2,k∂Zp
s

)
∂k−1Zp

s + Rp
k (s),

where

Ap
0,k ,A

p
1,k ,A

p
2,k are polynomial functions of

(∂ i f (Θp
s ), ∂iσ(s,Xs), ∂iXs , ∂

i (∂Xs)−1) for i = 0 . . . k ,

and Rp
k is a polynomial function of the same quantities

together with (∂jY p
s ) for j = 0 . . . k − 1.

−→ additional nonlinear terms have to be handled...
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A numerical example.
T = 1,X0 = 0, b(t, x) = 0, σ(t, x) = 1, g(x) = 1[K ,+∞),K =
0, f (t, x , y , z) = γz , γ = 1.

N NX NP Y 0 CPU time Rel. error

10 1 3 0.70 30 s 16%

10 1 4 0.83 1 mn 1%

10 1 5 0.78 1.5 mn 7%

10 1 6 0.86 1.5 mn 3%

50 1 6 0.85 8 mn 1%

Table: BSDE with indicator terminal function (Y0 = 0.841).

small error

but the variance of the error increases with the number of
nodes

⇒ need for a careful tuning of the parameters...
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